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Abstract
Starting from the detailed description of the single-collision decoher-
ence mechanism proposed by Adami, Hauray and Negulescu in Ref. [2],
we derive a Wigner equation endowed with a decoherence term of a fairly
general form. This equation is shown to contain well known decoherence
models, such as the Wigner-Fokker-Planck equation, as particular cases.
The effect of the decoherence mechanism on the dynamics of the macro-
scopic moments (density, current, energy) is illustrated by deriving the
corresponding set of balance laws. The issue of large-time asymptotics
of our model is addressed in the particular, although physically relevant,
case of gaussian solutions. It is shown that the addition of a Caldeira-
Legget friction term provides the asymptotic behaviour that one expects
on the basis of physical considerations.
1 Introduction
Decoherence is the process of loss of quantum coherence [12, 20]. As such, it
governs the transition from quantum to classical behaviour and it shapes our
actual perception of the world. The theoretical and experimental study of deco-
herence processes is not only important for our understanding of fundamental
physics, but it is also crucial for those technological applications, such as quan-
tum computers and spintronics [21], where quantum coherence must be pre-
served as long as possible. In this contribution we intend to present a model of
dynamical quantum decoherence within the Wigner (phase-space) formulation
of quantum mechanics [5, 13, 17, 16, 19]. In fact, due to its striking analo-
gies with classical mechanics, the formulation of quantum mechanics in terms
of Wigner functions is particularly suited to illustrate the quantum-to-classical
regime transition. Of course, this approach is not new and several important
papers on this subject resort to (or, at least, mention) the Wigner formalism
(see e.g. Refs. [3, 7, 12, 15, 18]) The novelty of the present paper is that we start
from a decoherence model which is fairly general whenever the environment is
viewed as a “gas” of particles of asymptotically small mass, with respect to
the “heavy” particle undergoing decoherence. This model has been rigorously
1
derived from the laws of quantum mechanics in Refs. [1, 2], and, to this extent,
our description can be considered as arising “from first principles”. Indeed, as
we shall see, other models (above all the Wigner-Fokker-Planck equation) can
be recovered as particular cases of the general mechanism introduced here.
The content of the present paper is the following. Here below we briefly
present the single-collision decoherence model analyzed in Refs. [1, 2]. Then,
in next section, we consider the case of many collisions, randomly distributed
in time, and obtain the corresponding “mean field” limit model, which is then
translated into the Wigner framework. In Section 3, the Wigner equation with
decoherence obtained in this way is shown to be strictly related to other models
of decoherence, such as the Wigner-Fokker-Planck equation [3, 4, 9, 12] and the
Jacoboni-Bordone Wigner function with finite coherence length [11]. In Section
4 we study the influence of the decoherence mechanism on the dynamics of
macroscopic quantities, namely density, current and energy. Section 5 is devoted
to the issue of long-time asymptotics: the numerical investigation of a simple
situation (i.e. the case of gaussian solutions) suggests that the correct long-
time behaviour requires the addition of a Caldeira-Legget “quantum friction
term” [7]. Finally, in Section 6 we draw some conclusions and discuss future
perspectives.
The quantum dynamical decoherence of a heavy particle interacting with a
single light particle is analysed in Refs. [1, 2]. The main result of such analysis
is as follows. Let ρ(X,Y, t) be the reduced density matrix of the heavy particle
(the degrees of freedom of the light particle are traced out). Then, in the limit of
large heavy-to-light mass ratio, the interaction is concentrated in a single instant
of time (say, t = 0) and has the form of the “instantaneous” transformation
ρ(X,Y, 0) 7−→ I(X,Y )ρ(X,Y, 0),
where I(X,Y ) is a “collision factor”, depending on the details of the interaction.
Elsewhere, ρ(X,Y, t) evolves freely (up to possible external potentials V ). In
the one-dimensional case, this single-interaction decoherence mechanism model
is therefore given by the von Neumann equation with a modified initial datum:


i~
∂ρ
∂t
= − ~
2
2m
(
∂2ρ
∂X
− ∂
2ρ
∂Y
)
+ [V (X)− V (Y )] ρ,
ρ(X,Y, 0) = I(X,Y )ρ0(X,Y ),
(1)
where ρ0(X,Y ) is the pre-interaction density matrix. The form of the collision
factor I is completely characterised in the one-dimensional case [2] and is given
by
I(X,Y ) = 1− Λ(X − Y ) + iΓ(X)− iΓ(Y ), (2)
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with
Λ(X) =
∫
R
(1− e2ikX )|r(k)|2|χˆ(k)|2dk, (3)
Γ(X) =
∫
R
e2ikXr(−k) t(k) χˆ(−k) χˆ(k) dk (4)
where r and t are the scattering coefficients of the interaction, and χˆ is the
Fourier transform of the light-particle wave function χ. A particularly simple
form can be obtained by assuming that
1) χ is a gaussian wave-packet with averagemomentum p0 = ~k0 and position
variance σ2;
2) p0 is large with respect to the momentum spread ~σ
−1;
2) σ−1 is small compared to the scale at which |r(k)|2 varies.
In this case, as shown in Ref. [2], one can make the following approximations:
Λ(X) ≈ |r(k0)|2
(
1− e2ik0X− X
2
2σ2
)
, Γ(X) ≈ 0. (5)
Such approximation, providing simple and explicit expressions, will be helpful
in the following.
2 A Wigner equation with decoherence
We now consider a quantum particle undergoing random collisions with a gas of
much lighter particles, each collision being described by the single-interaction
model introduced above. Let etA denote the unitary evolution group associated
to the von Neumann equation
i~
∂ρ
∂t
= − ~
2
2m
(
∂2ρ
∂X
− ∂
2ρ
∂Y
)
+ [V (X)− V (Y )] ρ,
so that the solution to this equation with a generic initial datum ρ0 is expressed
(omitting the variables X and Y ) as
ρ(t) = etAρ0.
Let ν be the collision probability per unit time, and let ∆t be a time-interval
small enough to neglect the probability of having more than one collision inside
it. The random dynamics of the heavy particle can be described by a density-
matrix valued stochastic process R(t) such that
R(t+∆t) =
{
e∆tAR(t), with probability 1− ν∆t,
e(∆t−s)AIesAR(t), with probability ν∆t,
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for some collisional time s ∈ [0,∆t]. If now ρ(t) = 〈R(t)〉 is the expected value
of R(t), we clearly have
ρ(t+∆t) = (1− ν∆t)e∆tAρ(t) + ν∆t e(∆t−s)AIesAρ(t)
and then
ρ(t+∆t)− e∆tAρ(t)
∆t
= −νe∆tAρ(t) + νe(∆t−s)AIesAρ(t).
By using the fundamental property of the evolution group
e∆tA =
∫ ∆t
0
AeτA dτ + I,
we arrive at
ρ(t+∆t)− ρ(t)
∆t
=
1
∆t
∫ ∆t
0
AeτAρ(t) dτ − νe∆tAρ(t) + νe(∆t−s)AIesAρ(t)
and, taking the limit ∆t→ 0 and recalling that s ∈ [0,∆t], we obtain
dρ(t)
dt
= Aρ(t)− νρ(t) + νIρ(t).
By explicitly writing down this differential equation, and putting τ := ν−1, we
get
i~
∂ρ
∂t
+
~
2
2m
(
∂2ρ
∂X2
− ∂
2ρ
∂Y 2
)
+ [V (X)− V (Y )] ρ = i~
τ
(Iρ− ρ) , (6)
which is the von Neumann equation with a collisional term representing decoher-
ence. The above formal derivation can be of course made rigorous by a suitable
analysis. The rigorous derivation of Eq. (6), assuming the approximation (5),
is contained in Ref. [10].
Let us adopt a phase-space description in terms of the Wigner function
[5, 17, 19], i.e. the Wigner transform w =Wρ of the density matrix, where the
Wigner transformation W is defined as
(Wρ) (x, p, t) = 1
2pi~
∫
R
ρ
(
x+
ξ
2
, x− ξ
2
, t
)
e−iξp/~ dξ. (7)
If we Wigner-transform the von Neumann equation (6), by using the property
W(ρ1ρ2) =W(ρ1) ∗W(ρ2), (8)
we arrive at the following Wigner equation
∂w
∂t
+
p
m
∂w
∂x
+Θ[V ]w =
(WI) ∗ w − w
τ
, (9)
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where WI is the Wigner transform of the collision factor, ∗ denotes the convo-
lution with respect to the momentum variable p and Θ[V ] is the usual pseudo-
differential operator
(Θ[V ]w) (x, p, t) =
i
2pi~2
∫
R
∫
R
[
V
(
x+
ξ
2
)
− V
(
x− ξ
2
)]
e
i
~
ξ(p′−p)w(x, p′, t) dξ dp′
= −
∞∑
k=0
(−1)k
(
~
2
)2k ( d
dx
)2k+1
V (x)
( ∂
∂p
)2k+1
w(x, p, t). (10)
Note that if V is a quadratic potential energy, or if one takes the semiclassical
limit ~ → 0, then Θ[V ] reduces to the classical force term of the Liouville
equation, namely
Θ[V ]w = −V ′ ∂w
∂p
, (11)
where, of course, −V ′ is the force. By using (2), (7) and (10), we can write
(WI) ∗ w − w = −γ ∗ w +Θ[~Γ]w (12)
where
γ(p) = (WΛ)(p) = 1
2pi~
∫
R
Λ(ξ)e−iξp/~ dξ (13)
is a function of p alone, because Λ is a function of the correlation variable
ξ = X − Y . Hence, the Wigner equation (9) takes the final form
∂w
∂t
+
p
m
∂w
∂x
+Θ
[
V − ~
τ
Γ
]
w = −γ ∗ w
τ
. (14)
Note that the term −~τ Γ is equivalent to a potential energy and, therefore,
it contributes to the unitary evolution and not to the decoherence. In the
particular case of the peaked-gaussian approximation (5) we easily obtain
− γ ∗ w
τ
≈ |r(k0)|
2
τ
[
σ
~
√
2pi
∫
R
e−
σ
2
2~2
(p−p′−2~k0)
2
w(x, p′, t) dp′ − w(x, p, t)
]
.
(15)
With respect to the standard Wigner equation, Eq. (14) contains a decoher-
ence mechanism which is represented by the right-hand side. Such equation is
our basic model of dynamical quantum decoherence.
The physical interpretation of Eq. (14) is given as follows. The typical
I(X,Y ) is a decaying function of the correlation distance |X − Y | (see Ref. [2]).
It means that the decoherence process
ρ(X,Y ) 7−→ I(X,Y )ρ(X,Y ),
results in a loss of spatial correlation. Switching to the Wigner picture basically
means performing a Fourier transform with respect to the correlation variable
ξ = X − Y and then the multiplication I(X,Y )ρ(X,Y ) becomes a convolution
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with respect to the Fourier variable p. Hence, the loss of spatial correlation
corresponds to a smoothing out of w(x, p, t) along the p direction. In particular,
from Eqs. (5) and (15) we can see that, in the peaked-gaussian approximation,
the position spread σ of the light particle determines the reduction scale of the
coherence length and, correspondingly, the momentum spread ~σ−1 determines
the smoothing scale of the Wigner function. Roughly speaking, this mechanism
attenuates the oscillations of the Wigner function (that are typically on a scale
of order ~ in phase space [16]), thus making the Wigner function progressively
lose its quantum character and become a classical object.
3 Relationships with other models
By expanding 1− e2ikX = −2ikX + 2k2X2 + · · · , we obtain from (3)
Λ(X) = −iXΛ1 +X2Λ2 + · · · , (16)
where, in the general case,
Λ1 = 2
∫
R
k |r(k)|2 |χˆ(k)|2dk, Λ2 = 2
∫
R
k2 |r(k)|2 |χˆ(k)|2dk, (17)
and, in the approximation (5),
Λ1 = 2k0|r(k0)|2, Λ2 = |r(k0)|
2
2σ2
.
Then, we see from (13) and (16) that
γ ∗ w ≈ −~Λ1 ∂w
∂p
− ~2Λ2 ∂
2w
∂p2
, (18)
and, if one also assumes Γ = 0, the following model is obtained from (14) and
(12):
∂w
∂t
+
p
m
∂w
∂x
+Θ[V ]w =
~
2Λ2
τ
∂2w
∂p2
+
~Λ1
τ
∂w
∂p
. (19)
The term ~Λ1τ
∂w
∂p is just a momentum drift due to our assumption that all
environment particles are identical, having in particular the same momentum.
This rather unphysical assumption can of course be relaxed by assuming that
the light particle is chosen at random from a given population. In this case,
Λ1 survives if the light-particle distribution is asymmetric with respect to the
momentum. Otherwise, if |r(k)|2 and |χˆ(k)|2 are even functions of k (or, simply,
if k0 = 0 in the approximation (5)), then Λ1 = 0 and Eq. (19) reduces to the
Wigner-Fokker-Planck equation
∂w
∂t
+
p
m
∂w
∂x
+Θ[V ]w =
~
2Λ2
τ
∂2w
∂p2
, (20)
which is a largely used model of decoherence [3, 4, 9, 12].
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By assuming Γ = 0 and
1− Λ(X) = e−|X|/λ,
we obtain
W(Iρ) = 1
2pi~
∫
R
e−|ξ|/λ ρ
(
x+
ξ
2
, x− ξ
2
, t
)
e−iξp/~ dξ,=: wλ(x, p, t).
In this case, our model can be written
∂w
∂t
+
p
m
∂w
∂x
+ Θ[V ]w =
wλ − w
τ
, (21)
and can be interpreted as the dynamical analogous of the approach proposed
by Jacoboni and Bordone in Ref. [11], where a Wigner function with finite
coherence length λ is introduced, which is exactly wλ. In fact, the decoherence
mechanism contained in Eq. (21) is clearly a relaxation of w to wλ in a typical
time τ . Recalling (8), we can also write
wλ(x, p, t) = (WI) ∗ w = 1
pi
∫
R
~/λ
(~/λ)2 + (p− p′)2 w(x, p
′, t) dp′,
from which we see that the effect of the finite coherence length is a Lorentzian
broadening of the Wigner function in momentum space, as already remarked in
Ref. [11].
Our approach allows a straightforward generalization of Eq. (21). In fact, it
is enough to assume that the population of lighth particles has a non vanishing
momentum p0 to enrich Eq. (21) with the additional parameter p0, namely
wλ,p0(x, p, t) =
1
pi
∫
R
~/λ
(~/λ)2 + (p− p0 − p′)2 w(x, p
′, t) dp′,
which embeds the momentum transfer from the environment to the particle
undergoing decoherence.
4 Balance laws
For the sake of conciseness, in what follows we assume Γ = 0. As we can see
from Eq. (14), the general case with Γ 6= 0 is simply recovered by substituting
V with V − ~τ Γ.
Balance laws can be deduced from the Wigner equation (14) by taking suit-
able moments with respect to p. In particular, we are interested in the following
quantities:
N(x, t) =
∫
R
w(x, p, t) dp, (number density),
J(x, t) =
1
m
∫
R
pw(x, p, t) dp, (current density),
E(x, t) =
1
2m
∫
R
p2 w(x, p, t) dp, (energy density).
(22)
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In order to compute balance laws for N , J and E, we need to take the cor-
responding moments of Eq. (14) and, in particular, we need the moments of
Θ[V ]w and γ ∗ w. By using the series expansion in Eq. (10), it is readily seen
that ∫
R
(Θ[V ]w) (x, p, t) dp = 0,
1
m
∫
R
p (Θ[V ]w) (x, p, t) dp =
1
m
V ′(x)N(x, t),
1
2m
∫
R
p2 (Θ[V ]w) (x, p, t) dp = V ′(x)J(x, t).
(23)
Moreover, from (13) and (3) we obtain∫
R
γ(p) dp = Λ(0) = 0, (24)
which means that the number of particles is conserved, and∫
R
p γ(p) dp = −i~Λ′(0),
∫
R
p2 γ(p) dp = −~2Λ′′(0). (25)
With a little additional algebra we arrive at
1
m
∫
R
p (γ ∗ w) (x, p, t) dp = − i~
m
Λ′(0)N(x, t),
1
2m
∫
R
p2 (γ ∗ w) (x, p, t) dp = − i~
m
Λ′(0)J(x, t) +
~
2
2m
Λ′′(0)N(x, t).
(26)
From (16) we see that iΛ′(0) = Λ1 and Λ
′′(0) = 2Λ2 (where the constants Λj
are given by (17)). Then, by multiplying the Wigner equation (14) by 1, p/m
and p2/2m, respectively, and integrating both sides with respect to p, we obtain
the following system of Euler-like equations:

∂N
∂t
+
∂J
∂x
= 0,
∂J
∂t
+
∂JJ
∂x
+
1
m
V ′N =
~Λ1
mτ
N,
∂E
∂t
+
∂JE
∂x
+ V ′J =
~Λ1
mτ
J − ~
2Λ2
mτ
N,
(27)
where
JJ (x, t) = 1
m2
∫
R
p2w(x, p, t) dp =
1
m
E(x, t)
and
JE(x, t) = 1
2m2
∫
R
p3w(x, p, t) dp
8
are the currents associated to J and E, respectively. As usual, this system
contains the extra unknown JE (but also JJ would be an unknown in higher
spatial dimensions) and needs to be closed by making suitable assumptions (see
e.g. Refs. [6, 13, 14] and references therein).
The right-hand sides of Eq. (27) are due to decoherence collisions. We can
notice that the terms depending on Λ1 are due to the momentum injection from
the environment (see the discussion in the first part of Sec. 3), while the term
depending on Λ2 (which is a positive constant, as it is apparent from (17))
represents energy dissipation in the environment.
5 Large-time asymptotics
As t → +∞, the solution w(x, p, t) to the Wigner equation (14) tends to be
completely smoothed out to a constant value. Correspondingly, within the den-
sity matrix formalism, the coherence length associated to ρ, i.e. the decay of
ρ(X,Y, t) along the correlation coordinate X − Y , tends to vanish. This un-
physical behaviour was already pointed out by Joos and Zeh [12].
Inspired by the approach adopted in Ref. [12], rather than embarking in a
general analysis, we shall discuss the issue of large-time asymptotics by perform-
ing numerical simulation in a very simple (but physically meaningful) situation,
that is the case of a gaussian distribution.
Let us work within the Wigner-Fokker-Planck approximation (20), and as-
sume that the potential is harmonic, namely
V (x) =
κ
2
x2,
with κ ≥ 0. Recalling Eq. (11), the resulting equation is
∂w
∂t
+
p
m
∂w
∂x
− κ∂w
∂p
=
Λ0
τ
∂2w
∂p2
, (28)
where for simplicity we have set
Λ0 = ~
2Λ2.
It is readily seen that (20) admits solutions of the form
w(x, p, t) = e−[A(t) p
2+B(t) px+C(t)x2+D(t)], (29)
where 1/
√
2A(t) is the momentum spread (and, therefore, ~
√
2A(t) is the
coherence-length spread, according to the discussion closing Section 2), B(t)
is a covariance parameter, 1/
√
2C(t) is the position spread and D(t) is a nor-
malization parameter. It is to be noticed that the corresponding density ma-
trix still has a gaussian form, which is exactly the one considered by Joos and
Zeh. The substitution of (29) into the Wigner-Fokker-Plank equation (20) leads
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straightforwardly to the following system of ODEs for the unknown functions
A(t), B(t), C(t) and D(t):


A˙ = − 1
m
B − 4Λ0
τ
A2,
B˙ = − 2
m
C − 4Λ0
τ
AB + 2κA,
C˙ = −Λ0
τ
B2 + κB,
D˙ =
2Λ0
τ
A.
(30)
This system for A, B and C (which is decoupled from the equation for D) pos-
sesses the unique, asymptotically stable, equilibrium point (A,B,C) = (0, 0, 0).
This means that, as expected, the Wigner function is completely smoothed out
towards a constant value (which is of course 0). Correspondingly, the coherence
length goes to zero. The model is therefore not satisfactory for large times,
since, as remarked by Joos and Zeh [12], the coherence must be maintained at
least at the length-scale of the thermal De Broglie wavelength
λth =
~√
2mkBT
, (31)
where T is the temperature of the environment particle bath, and kB is the
Boltzmann constant.
By looking at the equilibrium conditions for system (30) we can guess that
the addition to the first equation of a linear term in A, with positive coefficient,
is able to shift the equilibrium from A = 0 to a positive value. How such a
term could arise from Eq. (28)? If we want to preserve the gaussian form (29)
of the solution, we see that there are not many more possibilities than adding
a derivative of w with respect to p and multiply it by p. We realised that this
is provided by a “quantum friction” term proposed by Caldeira and Legget [7].
In fact, for high temperatures and in the density matrix formalism, this term
appears at the right-hand side of the von Neumann equation (6) as
i~
η
2
(X − Y )
(
∂ρ
∂X
− ∂ρ
∂Y
)
,
where η ≥ 0 is a “friction” coefficient [7, 9]. Translating this term into the
Wigner formalism, and adding it to the Wigner equation (28), we obtain
∂w
∂t
+
p
m
∂w
∂x
− κ∂w
∂p
=
Λ0
τ
∂2w
∂p2
+ η
∂
∂p
(pw), (32)
which has exactly the needed form. Substituting (29) in (32) yields the new
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system of ODEs 

A˙ = − 1
m
B − 4Λ0
τ
A2 + 2η A
B˙ = − 2
m
C − 4Λ0
τ
AB + 2κA+ η B,
C˙ = −Λ0
τ
B2 + κB,
D˙ =
2Λ0
τ
A− η,
(33)
possessing the asymptotically stable equilibrium point
(A0, B0, C0) =
(
τη
2Λ0
, 0,
mτκη
2Λ0
)
. (34)
Note that the asymptotic coherence length is
~
√
2A0 = ~
√
τη
Λ0
=
~√
mkBT
,
where the last equality holds if one takes the relation
Λ0 = τmηkBT,
as it is done, e.g., in Ref. [9]. Hence, we obtain that the asymptotic coherence
length is of the order of the thermal De Broglie wavelength (31), exactly as
physically expected. We also note that the simultaneous presence of the fric-
tion and of the harmonic potential stabilises the position spread towards the
asymptotic value
1√
2C0
=
√
Λ0
2τκη
=
√
kBT
κ
(where the last equality holds if one takes Λ0 as above).
In Figures 1–3 we show some solutions to system (33). In Fig. 1 we set η = 0
and we can see that in the absence of friction both A(t) and C(t) approach zero
as t →∞. This means that the Wigner function becomes infinitely spread out
in both momentum and position, and tends to zero everywhere (D(t)→ +∞).
When a friction is added (Fig. 2), both the momentum and the position spread
stabilise to their asymptotic values (34). In this case, the Wigner function does
not vanish, sinceD(t) tends to an asymptotic positive value. When the harmonic
trap is switched off by putting κ = 0, we can see that friction is able to stabilise
the momentum spread but not the position spread (Fig. 3). Consequently, the
Wigner function becomes completely spread out in the x direction and, as in
the case of Fig. 1, tends to vanish (D(t)→ +∞).
In the figures we use arbitrary units, where, in particular, τ = 1. The
actual decoherence time depends of course on the considered system (namely,
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the size and mass of the particle, the scattering properties and the temperature
of the environment, and so on). We refer the reader to the accurate discussion
contained in Ref. [12].
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exp(-D)
Figure 1: (Colors online.) Evolution of the parameters A (continuous blue line),
B (purple dashed line) and C (red dot-dashed line) of the Wigner function (29)
in absence of friction (η = 0). The overall normalisation coefficient exp(−D)
(dotted green line) is also shown. We assume to work in arbitrary units in which
m = 0.4, τ = 1, Λ0 = 1 and κ = 1.
The dissipative character of the new term is clearly seen by computing its
moments:∫
R
∂
∂p
(pw) dp = 0,
1
m
∫
R
p
∂
∂p
(pw) dp = −J, 1
2m
∫
R
p2
∂
∂p
(pw) dp = −2E.
These bring dissipative contributions to the Euler system, which takes the new
form 

∂N
∂t
+
∂J
∂x
= 0,
∂J
∂t
+
∂JJ
∂x
+
1
m
V ′N =
~Λ1
mτ
N − ηJ,
∂E
∂t
+
∂JE
∂x
+ V ′J =
~Λ1
mτ
J − ~
2Λ2
mτ
N − 2ηE.
(35)
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Figure 2: The same as in Figure 1 but with the addition of the friction. The
values of the parameters are m = 0.4, τ = 1, Λ0 = 1, κ = 1 and η = 0.5.
6 Conclusions
In this paper we have seen how Wigner equation can be endowed with terms
describing a dynamical decoherence mechanism. This is not a novelty, of course,
but, as far as we know, this is the first time that the decoherence term has a
fairly general form, coming from basic quantum mechanics. In particular, we
started from the single-collision decoherence model derived in Ref. [2], which
describes the decoherence of a “heavy” particle as a consequence of the collision
with a much lighter one. By assuming the heavy particle to undergo multiple
random collisions in an environment of light particles, we (formally) derived the
Wigner equation (14). The latter admits two contributions from the collisions
with the environment: a Hamiltonian part, represented by the function Γ, and
a true decoherence part, represented by the function Λ, which is nothing but
the inverse Fourier transform of the convolution kernel γ appearing in the right-
hand side of Eq. (14). This picture allows for the interesting interpretation that
decoherence smooths out the oscillations of theWigner function, due to quantum
interference, so that the Wigner function tends to a classical distribution in
phase-space.
Then, we have seen that when Λ assumes particular forms, our model re-
duces to existing decoherence models. In particular, the largely-used Wigner-
Fokker-Planck equation (20) corresponds to the quadratic approximation of Λ.
Moreover, when 1 − Λ is assumed to be a decaying exponential function, our
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Figure 3: The same as in Figure 2 but with the harmonic potential removed.
The values of the parameters are m = 0.4, τ = 1, Λ0 = 1, κ = 0 and η = 0.5.
model shows analogies with the Jacoboni-Bordone model [11], in which the ex-
ponential decay of the coherence length is embedded ab initio in the definition
of the Wigner function. Our analysis, however, allows us to deduce some general
features of decoherence (or, at least, of this kind of decoherence), as for example
its effects on the dynamics of the macroscopic quantities N , J and E, i.e. the
number, current and energy spatial densities (see Eq. (27)).
A big issue, already addressed in the classical paper by Joos and Zeh [12]
is the long time behaviour of decoherence. In Section 5 we have considered the
special case of a gaussian Wigner function, for which the Wigner equation (14),
in the particular form (28), comes down to an equivalent system if ODEs. In this
way we realized that the addition of a Caldeira-Legget quantum friction term [7]
produces a physically meaningful behaviour in the long run, since the momen-
tum spread of the particle is stabilised to an asymptotic value. Equivalently,
the coherence length, reaches a corresponding asymptotic value.
The addition of the quantum friction fixes the issue of the long-time be-
haviour, yet it is not completely satisfactory. In fact, as remarked by Arnold et
al. [3, 4], the friction + diffusion term (i.e. the right-hand side of Eq. (32)) is
not quantum mechanically “correct” (unless η = 0), since it does not satisfy the
Lindblad condition, assuring the complete positivity of the evolution [8]. We
believe, however, that our analysis indicates the right direction to search for a
model that is compatible with the fundamental laws of quantum mechanics and
14
keeps its validity for asymptotically long times.
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